Introduction
Reel-to-reel web-winding systems have several applications. They are common in the manufacture, fabrication, and transport of many materials, such as paper, metal, and photographic film. They are integral to information storage systems that use magnetic tape, and also find use in image-projection devices. Advances in web-winding system control may improve transient performance, reliability, and tracking of the desired web velocity and tension. More robust control schemes may also reduce costs by diminishing the need for lengthy and costly "tuning" of controllers or expensive, tightly specified hardware components.
To maintain safe operating tension, controllers for these systems often employ tension transducers. For tape systems especially, the cost, bulk, and complexity of these sensors are barriers to higher-performance or lower-cost products. A control scheme that does not require a tension sensor is thus desirable.
A basic model for web-winding systems is linear and time invariant ͑LTI͒ ͓1͔. However, several nonlinearities and disturbances affect the system ͑including some that are listed in Sec. 8 but not considered in this paper͒. First, the radii and moments of inertia of the two reels vary slowly as tape spools from one reel to the other. Second, a nonlinear effect called "air entrainment" occurs when friction draws a thin layer of air many layers deep into the pack of web media wrapped on the take-up reel. This allows a greater length of the media to vibrate, effectively making the spring and damping parameters time varying. Little has been published about the dynamics of air entrainment, though some work has been done investigating the steady-state phenomenon ͓2-4͔. Air entrainment may cause large errors in tension observation if it is not accounted for.
Another complication stems from the use of DC motors to drive the reels. In practice, the constants characterizing these motors are only specified within a certain range, with more tightly specified motors costing more. This uncertainty is often ignored in the literature but may be important if motor costs are an issue.
Several control schemes have been presented in the literature. A "textbook" control system has been described in ͓1͔, which addresses only the LTI system model and does not account for changing reel radii, air entrainment, or any other disturbances. Time-optimal control for rest-to-rest maneuvers is solved in ͓5͔, accounting for air entrainment, but this is not a general control scheme and is not proven to be robust. Another technique applies sequential loop closing ͓6͔ and other gain-scheduled or H ϱ controllers form the bulk of the tape system control literature ͓7-9͔. In ͓6-8͔, a disturbance observer is used with success to reduce the effects of reel eccentricity and stiction. Furthermore, some of these controllers are gain scheduled over the steady-state values of air entrainment at each velocity.
These schemes are shown to be stable at various steady-state operating points. However, if reel velocities change ͑say, from zero to operating velocity͒, then air entrainment changes the spring and damping parameters during the maneuver. In this case, the system is not in steady state. The stability of existing controllers has yet to be established analytically for the whole nonlinear system ͑i.e., where entrained air and the reel radii and moments are dynamical variables͒. Furthermore, gain-scheduled linear controllers have the potential disadvantage of being costly and time consuming to tune ͓8͔. The H ϱ designs may also be of high order. Finally, none of these schemes explicitly addresses the inevitable motor parameter uncertainties. Although these schemes have proven workable in practice, a nonlinear control strategy may offer advantages in clarity, performance, and the tractability of stability analysis. It may also help reduce hardware and development costs.
The first part of this paper presents a nonlinear feedback controller that is robust to large uncertainties in the motor torque and friction parameters, and treats air entrainment as a dynamical variable. No particular model is assumed for air entrainment; rather, the spring and damping parameters are taken to be wholly unknown and time varying with the assumption that they satisfy reasonable bounds. The controller is robust over all such parameter trajectories. Like existing schemes, it assumes that measurements of tension and reel velocity are always available. It also requires knowledge of the reel radii and moments, which are available in practice by using the reel velocity measurements to keep track of how much web media is on each reel.
To develop the controller, the nonlinear system model is manipulated via changes of variables in Sec. 3. These manipulations are motivated by feedback linearization ideas. Linear state feedback is also added, with the gains left undetermined. The resulting equations are intuitively useful in that, except for disturbance terms that account for possible modeling errors, the tension and velocity loops are independent and linear.
Control laws are developed in Sec. 4. It is well known that feedback linearization is sensitive to modeling errors, and the model here contains four motor constants that may be known only within a specified range. Lyapunov redesign ͓10͔ is applied to make the feedback control robust to these uncertainties. This redesign is interesting because it is applied to each loop separately and does not require knowledge of the air entrainment effects on the system. It is shown that the feedback gains can be chosen so that:
• the velocity error goes to zero exponentially fast, where the time constant can be chosen arbitrarily ͑subject only to actuator limitation constraints͒ • the tension error stays in a desired range for all time • the tension error goes to zero exponentially fast in steady state ͑i.e., when air entrainment is constant͒
The development of this baseline controller emphasizes intuitive clarity and simplicity. To both improve transient response and reduce peak motor currents, a modified saturating controller is also developed for the velocity loop. For practical implementation, the design procedure is summarized in Sec. 6. Simulations in Sec. 7 show the performance of both the baseline and modified controllers under various air entrainment scenarios, with modeling errors introduced as well.
Although this control scheme is robust to these nonlinearities and uncertainties, it does require measurements of tension. Indeed, although several tape-system control strategies have been proposed in the literature, nearly all of them require a tension sensor. The possibility of operating without a sensor is briefly mentioned in ͓9͔, but stability and performance are not addressed. The second part of this paper develops a robust observer-based control strategy for the case where no tension measurements are available. In Sec. 5, a first-order tension observer is defined and its properties discussed. It is shown that observer error goes to zero exponentially when the spring and damping parameters are known. This knowledge is equivalent to knowledge of the air entrainment. In the absence of such knowledge, estimates of the spring and damping parameters must be used. A method for obtaining such estimates is described in the Appendix. A bound on the maximum observer error is found in the general case where these estimates have errors, and it is noted that in steady state ͑constant tension͒ the observer error still goes to zero. It is also shown that the observer is unique in a certain sense.
This observer is used to develop control schemes for velocity and tension loops that do not require any tension feedback. These schemes are robust to air entrainment and uncertainties in the motor friction parameters. However, an analytic proof of robustness with respect to the motor torque parameter is less tractable and not pursued here. Fortunately, in practice the torque constant is often better characterized than the more uncertain friction constant. The velocity loop is scalar and LTI except for error terms, and tension does not appear in it. Therefore, it may be controlled similarly to the scheme in the first part of the paper. Velocity error again goes to zero at a rate that can be arbitrarily chosen ͑though control authority constraints may limit this rate͒. The tension loop controller guarantees that tension remains in a certain range for all time. Again, for practical implementation the design procedure is summarized in Sec. 6. Simulations in Sec. 7 demonstrate controller performance.
Note that some control laws considered in this paper are discontinuous; this poses two well-known problems. First, it is not immediately clear that state trajectories for the associated differential equations exist. Due to space restrictions, we do not formally prove here that state trajectories exist, but rather that certain stability and boundedness properties must hold for any trajectories that do exist. Given the various forms of stability, which are proved via invariant set arguments under the control schemes presented, intuition strongly suggests that solutions to the system model do exist. The second well-known problem is that chattering often occurs when switching controllers are implemented in practice. Indeed, the simulations presented here use a continuous approximation to the sign͑·͒ function to avoid this phenomenon. Although this approximation performs well in simulation, analytic proofs of its stability and boundedness are not pursued here.
Nonlinear Web-Winding System Model
This section first reviews web-winding systems and discusses means of addressing air entrainment. Motor parameter uncertainties are then formulated mathematically. Figure 1 shows the commonly known lumped-parameter model for web transport. The reels have radii r 1 ͑t͒ and r 2 ͑t͒, moments of inertia J 1 ͑t͒ and J 2 ͑t͒, and turn with angular velocities 1 ͑t͒ and 2 ͑t͒. The length of web media between the reels has tension T͑t͒ and is modeled by a spring with time varying parameter K͑t͒ and dashpot with time varying parameter D͑t͒, in parallel. DC motors driven by currents u 1 ͑t͒ and u 2 ͑t͒ turn the reels. The reel moments are related to the radii by
System Equations.
where J m is the moment of inertia of an empty reel and motor, r I is the inner radius of an empty reel, and K J = t p t w / 2, with t p and t w denoting tape density and width, respectively. The radii and moments of inertia vary according to 
C 1 denotes the space of continuously differentiable functions, and D min , D max , and Ḋ max are positive constants. These constants might be determined by experiment in a manner similar to ͓2͔, by modeling approaches like those of ͓2-4͔, or using the techniques in the Appendix. In order to implement the tension observer discussed in Sec. 5, an estimate of D͑t͒ will be used. In this paper, D͑·͒ D is considered an unknown and time varying parameter.
Parameter Uncertainties.
In practice, the motor constants K ti and ␤ i , where i ͕1,2͖, are usually specified only within given ranges
The size of these ranges varies inversely with motor cost. Controllers must be implemented using estimates ͑or "nominal values"͒ K ti and ␤ i of these constants. The robust control strategy discussed here may facilitate the use of less tightly specified ͑and less expensive͒ motors. The torque constants K ti are often better known than the friction constants ␤ i , so robustness to the friction constants may be more important. The observer-based control scheme developed in Sec. 5 is not proven to be robust to errors in K ti because including such errors greatly reduces the tractability of the analysis. However, that scheme will be shown to be robust to errors in ␤ i .
Transformation of the Model
In this section, the model is manipulated via three intuitive steps. If motor parameters were known perfectly, these steps would result in separate tension and velocity loops. We consider the case where these parameters are not known perfectly; this leads to error terms in each loop that are not decoupled. The control strategy pursued in Sec. 4 is robust to these error terms, with the effect that the two loops are separately controlled. For the algebra these steps require, it is often helpful to note that the matrix B͑y , D͒ in ͑4͒ can be factored as
where
Time dependence is suppressed for notational simplicity in some expressions below.
3.1 Shifting to an Error System. First, the model described by ͑2͒ and ͑4͒ is transformed by a change of variables and input shift into an error system about a desired setpoint
Define the error states e x ͑t͒ = ͓e T ͑t͒ e 1 ͑t͒ e 2 ͑t͔͒ T ϵ x͑t͒ − x d and let
Selecting u a ͑t͒ is the main subject of the rest of this paper. The term N ͑y͒û 0 ͑t͒ attempts to cancel d͑x , y , D͒ and the terms in T d and V d that appear when one makes the change of variables x͑t͒ = x d + e x ͑t͒ in ͑4͒. The system equations then become ͑2͒ and
The error term ⌬ e arises since motor parameter uncertainty causes imperfect cancellation.
The disturbance term Ḋ ͑t͒T d / D͑t͒ ͑caused by air entrainment͒ cannot be cancelled. Without this disturbance and the term ⌬ e , the system ͑11͒ would have an equilibrium point at the origin for u a =0.
Addition of State Feedback.
Feedback is now used to linearize the system and obviate the need for ͑2͒ to be considered as part of the system equations. State feedback is also added for the purposes of control, with feedback coefficients left undetermined at present. Taking advantage of knowledge of y͑t͒, let
where u b ͑t͒ = ͓u b1 ͑t͒ u b2 ͑t͔͒ T is determined below in Sec. 4 and
for some gains p, s, and c. The second term on the right-hand side of ͑12͒ helps decouple the tension and velocity loops below, where R is a decoupling matrix. The first term provides state feedback. Symmetry motivates the choice to parameterize M ͑y͒ with just three distinct feedback gains instead of six. For instance, one intuitively expects that the gain from a reel's velocity to its input current should be the same for both reels. The gains s and c represent "self" and "cross" feedback, while the reels get opposite tension feedback ±p because tension provides them opposite torques. The "extra" terms in M ͑y͒ with J i ͑t͒ in the denominator 
Note that the system matrix is now independent of y͑t͒ and independent of the states e x if D͑·͒ is considered a time varying parameter. The system ͑13͒ is linear ͑but time varying͒, except for the disturbance and error terms on the second line.
Decoupling Transformation.
Making use of ͑9͒, the state transformation
yields an intuitively attractive set of system equations
Note that the "tension loop" ͑in e T and e W ͒ and "velocity loop" ͑in e V ͒ are independent and linear except for error and disturbance terms due to time varying damping and motor parameter uncertainties in the equilibrium shift, feedback, and decoupling. State feedback gains p, s, and c have not yet been determined. Section 4 derives separate controls for the two loops that guarantee robust performance.
Robust Control With a Tension Sensor
This section develops control laws for the tension and velocity loops. The performance goals are asymptotic stability of the web velocity error, a known upper bound on tension error magnitude for all time, and asymptotic stability of the tension error in the special case of steady state. These schemes are robust in the sense that performance is guaranteed as long as the motor constants and damping satisfy K ti ͓K ti min , K ti max ͔, ␤ i ͓␤ i min , ␤ i max ͔, and D͑·͒ D.
Velocity Loop: Linear Control.
The state equation for the velocity loop is the bottom row of ͑15͒:
for any K ti ͓K ti min , K ti max ͔ and ␤ i ͓␤ i min , ␤ i max ͔. Such a u b will be calculated below in ͑40͒. Intuitively, u b1 then acts to decrease the magnitude of e V at least as strongly as the error terms denoted by 1 2 ͓1 1͔N −1 ͑y͒͑Ñ ͑y͒Ru b + ⌬͒ can act to increase it, so that velocity error goes exponentially fast to zero. The result below puts this in rigorous terms.
and u b satisfies ͑17͒ with ͑s + c͒ a constant, then for any trajectory e V ͑t͒ , t ͓t 0 , ϱ͒, of the system ͑16͒,
This result is independent of air entrainment because D͑·͒ does not appear in ͑16͒. The time constant can be arbitrarily selected by choosing the sum ͑s + c͒. When ͑s + c͒ is constant, this will be referred to as the "linear velocity loop controller." In practice, making the magnitude of ͑s + c͒ too large may cause the inputs to exceed the allowable current level of the DC motors or some other practical limit.
Velocity Loop: Nonlinear Control.
A constant ͑s + c͒ was chosen above for simplicity. However, nonlinear velocity feedback can provide much higher performance. Let the feedback gain ͑s + c͒ vary in time as a nonlinear function ͕s + c͖͑e V ͒ of the velocity error e V . With u b again chosen as in ͑40͒, consider the time varying gain
where C 1 and C 2 are positive constants. This scheme applies bang-bang control with maximum value C 1 outside of a small "linear" region defined by C 2 . This limits control authority when velocity is far from its target level, but uses more of the available authority when velocity error is smaller. The small linear region is included to avoid chattering phenomena. Result 1 applies in this linear region, with
Performance in the bang-bang range is analytically established by the following result, which shows that the settling time to the linear region from an initial value e V ͑t 0 ͒ is less than or equal to
and u b satisfies ͑17͒, then for any trajectory e V ͑t͒, t ͓t 0 , ϱ͒, of the system ͑16͒ under the nonlinear control ͑19͒,
Proof. Suppose not, and suppose e V ͑t 0 ͒ ജ 0. ͑The case where e V ͑t 0 ͒ ഛ 0 is analogous.͒ Then e V ͑t͒ Ͼ C 2 and ͑s
This result is again independent of D͑·͒. Simulations in Sec. 7 show how this modified control simultaneously reduces peak motor currents and velocity settling time. Calculation of a u b will be delayed for the moment, as it will be seen that it must satisfy an additional constraint to guarantee performance of the tension loop controller.
Tension Loop.
For notational simplicity let h ϵ c − s, and note that h can be chosen independently of ͑c + s͒. State equations for the tension loop are the top two rows of ͑15͒
Performance is somewhat more complicated to analyze for this two-state system. Result 3 uses a Lyapunov function candidate to show that if the feedback gains satisfy
as long as the initial conditions e T ͑t 0 ͒ and e W ͑t 0 ͒ are small enough. For instance, in the common case where e W ͑t 0 ͒ =0, ͑24͒ holds if
Result 3. For the system ͑21͒, with ͑22͒ and ͑23͒,
then any error trajectory e T ͑t͒ , t ͓t 0 , ϱ͒, satisfies ͑24͒.
Proof. Consider the function
V͑t͒ ϵ e T 2 ͑t͒
which is positive definite if h Ͻ and p Ͻ 0. Using ͑21͒,
Since u b has been chosen to satisfy ͑23͒,
The equation U͑t͒ = 0 defines an ellipse in the ͑e T , e W ͒ plane. Considering the maximum possible values of the coefficients of e T 2 ͑t͒, e T ͑t͒, and e W 2 ͑t͒ in the equation U͑t͒ = 0, it is readily shown that for any time t this ellipse is contained in the set
e T ജ 0ͮ ͑30͒ Figure 2 shows the location of S 0 in the ͑e T , e W ͒ plane. The set S 0 is constructed as the union of two ellipses-one with e T positive and one with e T negative. The set U͑t͒ = 0 can be readily seen to be an ellipse that is on one side or the other of the e W -axis, and at any time it lies within one of these two ellipses. For all ͑e T , e W ͒ S 0 ,
Note that V ͑t͒ Ͻ 0 outside of S 0 . At any time t 1 , consider the elliptical set L͑t 1 ͒ϵ͕͑e T , e W ͒ : V͑t 1 ͒ ഛ V 0 2 ͖ and its boundary ‫ץ‬L͑t 1 ͒ϵ͕͑e T , e W ͒ :
The following geometric fact is useful in showing this: for two ellipses that have semi-major axes on the same line and share an end point on that line, if these ellipses are similar and one has at least twice the length and width of the other, then they intersect only at this left end point. This fact can be used to show that even the maximum possible S 0 , as given in ͑31͒, lies within L͑t͒. Because S 0 ʚ L͑t͒, and V ͑t͒ ഛ 0 outside of and on the boundary of S 0 , clearly V ͑t͒ ഛ 0 on ‫ץ‬L͑t͒. Thus, if V͑t 0 ͒ ഛ V 0 2 then V͑t͒ ഛ V 0 2 , ∀t ജ t 0 , and ͑24͒ holds. Intuitively, the constraint ͑23͒ is similar to ͑17͒, except that here the sign function ensures that u b acts to decrease a particular Lyapunov function candidate ͑rather than a particular state͒ more than the error terms can act to increase it. The constraints ͑22͒ ensure positive-definiteness and other properties of the Lyapunov function candidate, which allows the construction of an invariant Transactions of the ASME set in the ͑e T , e W ͒ plane. The size of this set determines the bound ͑24͒ and can be reduced by choosing p to be more negative, provided an h satisfying ͑22͒ exists. In practice, −p cannot be made arbitrarily large because of limits on control authority ͑such as motor current limits͒. 
where the slack variables s V and s T may be any numbers with the desired sign. Using
this readily simplifies to
where both sides are multiplied by 2 to simplify notation. Now u b must be chosen so that ͑38͒ holds over all K ti ͓K ti min , K ti max ͔ and ␤ i ͓␤ i min , ␤ i max ͔. From ͑13͒ and ͑37͒,
Therefore, ͑38͒ will hold if
where S V and S T have the same signs, respectively, as s V and s T , and both ͉S V ͉ and ͉S T ͉ are greater than ⌬ Ã /2. A u b that meets these criteria can be constructed by considering that the matrix premultiplying u b in ͑38͒ is diagonal except for the K ti / K ti terms. Consider
The algebra showing that u b satisfies ͑36͒ is rather tedious and space consuming; hence, only an outline of the steps will be given. Because ͉u b1 ͉ = ͉u b2 ͉, either the K t1 / K t1 or the K t2 / K t2 cancel each other in ͑38͒. The first term of ͑38͒ then contains a factor of 2−2K ti / K ti for some i. The denominator of the constructed u b in ͑40͒ is smaller than 2 − 2K ti / K ti so u b satisfies ͑38͒. Equation ͑40͒ simplifies further if both motors are nominally identical. Note that this u b grows larger in magnitude as K ti max increases from zero, and eventually becomes undefined if ͑K ti max − K ti ͒ / K ti =1; hence, this control can only be calculated for a motor parameter tolerance of Ͻ100 %.
Robust Control With No Tension Sensor
To derive a controller for the case where no tension measurements are available, the same state equations as above will be used with the exception that
This change reflects the fact that tension is not known and hence cannot be fed back. Equation ͑15͒ still holds if F͑D͒ is replaced by
Because of the length and complexity of some expressions in this section, dependence on y will be suppressed throughout.
Tension Observer.
In this section, an observer is first defined and its properties are discussed. The observer error goes to zero exponentially when the spring and damping parameters and motor constants are known. In practice, spring and damping parameters are not perfectly known due to air entrainment. Furthermore, motor constants are not exactly known. A bound on the maximum observer error is derived for the case where estimates of the damping trajectory and motor constants have errors. This bound is used in Sec. 5.2 to guarantee performance for certain observer-based control laws.
The first-order model presented here does not make use of a dynamical model for air entrainment. Given such a model, higherorder observers that observe D͑t͒ and T͑t͒ might be derived simultaneously. However, because little has been published regarding air-entrainment dynamics, few models have been proposed and that approach is not pursued here.
The Observer and Some Properties.
The basic state equations are ͑2͒ and ͑4͒. Assume also that the damping parameter and its derivative are bounded as in ͑7͒ with D͑t͒ D. Assume that the reel radii and moments of inertia are known at all times. In this case, the only unknown state is T͑t͒.
Define the observed tension T ͑t͒ by
which may be rewritten as
a 1 T and b 1 T are the first rows of A and B, d 1 is the first element of d, and D ͑t͒ D is an estimate of D͑t͒. The Appendix gives a method for obtaining such an estimate. The error term ⌬ obs is due entirely to motor parameter uncertainty. Let T ͑t͒ϵT͑t͒ − T ͑t͒ be the observer error. Note that the minimum value of ͑t͒ ͑denoted by min ͒ is positive and can be readily determined for a given system. Some manipulations of ͑2͒, ͑4͒, and ͑44͒ give 
Consider ͑t͒ϵT 2 ͑t͒ and note that
The Comparison Lemma ͓͑10͔, p. 85͒ then gives
and ͑47͒ holds. Consider the test-bed tape system described in ͓6͔, where min = 40.8 kg −1 . Nominal damping is D͑t͒ = 2 Ns/ m, with nominal unsupported tape of length 33 cm. For reasons discussed below in the simulations, a reasonable D min is 0.4 Ns/ m. Taking Ḋ max = 1 N / m, the time constant of ͑47͒ can be as large as 72 ms. With no air entrainment, D͑t͒ = 2 Ns/ m and the time constant is 12 ms. Observer error generally converges faster for systems with higher damping, less air entrainment, larger reel radii ͑with fixed inertia͒, or smaller moments of inertia ͑with fixed radius͒.
Unlike the well-known observer designs for LTI systems, convergence of this observer is determined entirely by the properties of the system because it does not incorporate any gains that can be chosen arbitrarily. Although one might wish for an observer that converges faster, the lack of a dynamical model for D͑t͒ makes the design of faster first-or higher-order observers difficult. In fact, this observer is unique in that it is the only first-order observer with an equilibrium point at zero error, as is simply shown in Result 6.
Result 6. Suppose ␤ i = ␤ i , K ti = K ti , and D ͑t͒ = D͑t͒. For the system ͑2͒ and ͑4͒, the only observer of the form Ṫ e ͑t͒ = f͑T e ,V 1 ,V 2 ,r 1 ,r 2 ,J 1 ,J 2 ,u,D,t͒ ͑ 51͒
with the property that
is that defined by ͑44͒. Proof. With full generality, any observer of the form ͑51͒ can be written as
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where g͑·͒ is an arbitrary function, by taking
Now define Ṫ e ϵ Ṫ − Ṫ e . After some algebra,
ͪT e − g͑T e ,V 1 ,V 2 ,r 1 ,r 2 ,J 1 ,J 2 ,u,D,t͒ ͑54͒
If Ṫ e = 0 whenever T e = 0, then g͑·͒ϵ0, so Ṫ e is the observer defined by ͑44͒.
Bound on Observer Error.
When D ͑t͒ D͑t͒ and/or the motor parameter estimates are in error, observer error does not necessarily decay to zero. With D ͑t͒ D͑t͒, if the observer is "turned on" at time t = 0, Result 7 derives a bound on observer error
is known in advance, and
The system must be such that f is positive. If f is not positive for a given system, then one can slew the system less aggressively so that the velocity increases more slowly and, thus, air entrains more slowly, reducing the maximum possible Ḋ . Hence, there is a trade-off between transient performance and maximum observer error. The quantity r D is an upper bound on the fractional error of the damping estimate. If the observer is turned on with the system at rest, and thus with no air entrained, then D͑0͒ is just the "nominal" damping. Hence, D͑0͒ is well known and the term in D ͑0͒ / D͑0͒ is small. Result 7. Given the system ͑2͒ and ͑4͒ and observer state defined by ͑44͒, if D ͑t͒, D͑t͒ D and f is positive then ͑55͒ holds for t ജ 0.
Proof. In ͑46͒, ͑t͒ and T͑t͒ are not independent due to ͑2͒ and ͑4͒. However, this analysis will allow them to be independent and, therefore, may derive a somewhat conservative bound. With ͑t͒ and T͑t͒ independent, and D͑t͒ and D ͑t͒ as given, ͑46͒ is a linear differential equation in T ͑t͒ with solution
The first term in the integrand can be split by the product rule, yielding
Integration by parts of the first term in this integrand gives
and ͉Ḋ ͑t͉͒ ഛ Ḋ max , and some manipulations of the identity
lead to the simple bound
which can be used to bound the integral term in ͑60͒
Thus, ͑55͒ holds. The bound ͑55͒ will be used to construct a controller that stabilizes the system in some sense. Note that this bound is a function of time and, depending on the tension trajectory ͑more specifically on T max ͒, it may grow arbitrarily large. Note also from ͑46͒ that if ⌬ obs ͑t͒ϵ0 and T͑t͒, D͑t͒, and D ͑t͒ are constant, then T ͑t͒ converges exponentially to zero even if D͑t͒ D ͑t͒.
Control Schemes.
This section develops control schemes for the two loops that do not require a potentially costly and complicated tension sensor. The velocity loop is controlled by a scheme similar to that in Sec. 4. For the tension loop, observed tension is not fed back linearly. Instead, a nonlinear controller uses the observed tension in a switching function to keep tension in an acceptable range. Certain performance characteristics are guaranteed, and this performance is robust to motor friction parameter uncertainties and errors in the estimate of D͑t͒.
Velocity Loop.
From ͑15͒ and ͑42͒, and taking K ti =0 because the torque parameters are assumed known, the state equation for the velocity loop is
If ͑s + c͒ is negative and u b is selected such that
then the magnitude of e V will always be decreasing. If a bound R T is available such that ͉e T ͑t͉͒ ഛ R T for all time, ͑and such a bound is given in Sec. 5.2.2͒ then ͑64͒ is satisfied by
where ␤ max is an upper bound on ␤ i . One can then either use a constant ͑s + c͒, which immediately gives exponential stability as above, or a more complicated scheme where ͑s + c͒ is time varying. The saturating control law ͑19͒ gives higher performance as described in Sec. 4.2.
Tension Loop.
From ͑15͒ and ͑42͒, and with K ti = 0, the tension loop state equations are
where again h = c − s and the fact that
has been used ͑Ñ vanishes since K ti =0͒. The equation for ė T can be made independent of e W ͑t͒ ͑except in the error terms͒ by letting h = , giving
The first term on the right-hand side provides negative feedback if Ḋ ͑t͒ is small enough that f Ͼ 0. For many tape systems, this is indeed the case and, for systems where f ഛ 0, one can reduce Ḋ ͑t͒ by choosing a gain ͑s + c͒ that slews V͑t͒ less aggressively.
The sign of e T ͑t͒ = T ͑t͒ + T ͑t͒ − T d is clearly known with certainty if ͉T ͑t͒ − T d ͉ Ͼ T max ͑t͒, and in this case, u b2 can be chosen to provide negative feedback in ͑68͒ that is greater than the potential positive effect of the disturbance and error terms
For instance, the control
Here, observed tension is not fed back linearly, but rather used in a switching function. Linear feedback of the observed tension might lead to acceptable performance in practice, but this performance is difficult to prove analytically. Under the control ͑70͒, if e T ͑0͒ ഛ T max ͑0͒ then e T ͑t͒ will remain less than T max ͑t͒. Result 8 shows that if
and V max is the maximum value of the velocity V͑t͒ ͑not V i ͑t͒͒ over all time. V max is well defined because the velocity loop control drives velocity monotonically from its initial value to the desired setpoint. From ͑56͒, it is clear that f Ͼ 0 implies f ജ 1;
hence, R T is smallest in the steady-state case where Ḋ max ϵ 0 and thus f =1. Result 8. Consider the system ͑66͒ and observer ͑44͒ with 
, and that the web velocity has an upper bound V max . Under the control ͑70͒, any tension error trajectory e T ͑t͒, t ͓0,ϱ͒, satisfies ͑71͒ so long as ͉e W ͑0͉͒ ഛ R W . Proof. Apply the control ͑70͒ and suppose that ͉e T ͑t͉͒ ഛ R T ,
where it is assumed that J m Ͻ J i ͑t͒ at all times because there must always be some tape attached to each reel ͑recall that J m is the moment of inertia of an empty reel͒. In either of the cases where V max or e W ͑t͒ is greater, it is straightforward via some algebraic manipulations of ͑73͒ and ͑72͒, and the bottom row of ͑66͒ to verify that
This algebra simplifies if one recognizes that in the worst case e T ͑t͒ = R T sign ͕e W ͑t͖͒, and considers two possible cases. The case where V max Ͼ ͉e W ͑t͉͒ = R W is straightforward to show using the lower element in the max͕·͖ function for R W in ͑72͒ and amounts to verifying that the negative feedback term −R W is large enough that
when e W ͑t͒ = R W ͑and similarly when e W ͑t͒ =−R W ͒.
The case where V max ഛ ͉e W ͑t͉͒ = R W is more involved and amounts to showing a similar property using the upper element in this max͕·͖ function. Now ͑74͒ implies
If T ͑0͒ = 0 and D͑0͒ = D ͑0͒, then by ͑55͒ and the assumption that
Some algebra on ͑77͒, using ͑78͒ and the expression for R W in ͑72͒, shows that T max ͑t 1 ͒ Ͻ R T ; thus, if ͉e T ͑t 1 ͉͒ = R T and f Ͼ 0, then the control ͑70͒ has the proper sign ͑because the observer error T ͑t 1 ͒ has smaller magnitude than does the current tension error e T ͑t 1 ͒͒, and
The assumption that D ͑0͒ = 0 is reasonable if D͑t͒ is known when the observer is "turned on." If the system is at rest, for instance, then damping is at its "nominal" value D max because no air is entrained. The assumption that T ͑0͒ = 0 is reasonable if either T͑0͒ is known or if the term ͑T ͑0͒ − T͑0͒D ͑0͒ / D͑0͒͒e −I͑t͒ on the left-hand side of Eq. ͑55͒ decays quickly enough. For the test-bed system described in the simulations, the time constant of this decay is ϳ12 ms if the system starts at rest. To further reduce sensitivity to T ͑0͒, one might simply apply open-loop control for the first 12 ms ͑or corresponding time interval for other systems͒ while this error decays.
The control ͑70͒ is discontinuous and might lead to undesirable chattering phenomena in practice. To avoid this, one might introduce a small region near T ͑t͒ = T d , where the control is linear in ͑T ͑t͒ − T d ͒. This strategy is used in the simulations below. Derivation of performance bounds under such modifications is an area of future work.
In industry, tape systems often use controllers whose stability and robustness are not established analytically. Although the controls above are rigorously shown to have certain stability and performance attributes, actual performance is likely to exceed these guaranteed minimum levels. For instance, tape tension is unlikely to swing wildly in the range ͓T d − R T , T d + R T ͔, and especially in steady state will likely stay nearer to T d . The simulations below illustrate this.
For the baseline controller, feedback gains are selected according to Eqs. ͑18͒, ͑22͒, and ͑24͒. Take s + c = −26 so that the 2% settling time of the velocity is Ͻ150 ms. Next, let p = −500 so that absolute tension error never exceeds 0.28 N. Finally, ͑22͒ requires h ϵ c − s ജ 110. In simulation, choosing c − s greater than this minimum leads to higher performance without a substantial increase of the peak motor currents. Hence, take c − s = 650. Then c = 312 and s = −338. Simulations are performed with each motor constant at the boundary of its specified range
Initial tension is T͑0͒ = 0.4 N, for an initial error of 0.12 N. Although performance is guaranteed for any damping trajectory that satisfies ͑7͒, an effort has been made to select reasonable damping trajectories D͑t͒ that are consistent in slope with expected changes in unsupported tape length L͑t͒, according to ͑5͒. Figure 3 shows a ramp-up maneuver from 0 m / s to 5 m / s. The initial damping is D max , and it changes at a rate close to −Ḋ max . Velocity settling time is 99 ms. High damping ͑because the system starts at rest with no air entrainment͒ causes the magnitude of the tension error to quickly drop below 0.03 N. Clearly, the bound ͑24͒ on tension error is conservative, and higher performance is possible in practice.
The input currents have peak magnitude 12 A, which may not be feasible in practice. Peak current could be reduced by decreasing the velocity error feedback gain s + c, at the expense of increased settling time. However, the modified controller given by ͑19͒ reduces both peak currents and settling time. Choose C 1 =45 m/s 2 , for a settling time of Ͻ111 ms to the linear region defined by C 2 = 0.2 m / s. For the same desired maneuver, Fig. 4 shows the performance of this nonlinear velocity controller. Peak current is a more reasonable 8 A, and settling time is 97 ms. Peak current can be traded for settling time by decreasing C 1 , but also varies strongly with the desired robustness to motor parameter errors. Figure 5 shows a ramp-down maneuver, for which tension error drops more slowly because initial damping is much lower. Note that the inputs change slope when the linear region about V d is reached at 90-100 ms. Figure 6 shows similar performance for the same maneuver in the case where the reels initially hold an equal amount of tape; here r 1 ͑0͒ = r 2 ͑0͒ = 16.5 mm and J 1 ͑0͒ = J 2 ͑0͒ = 11.65ϫ 10 −6 Kg m 2 . Note that the controllers are discontinuous because of the sign͕·͖ functions. In practice, this may lead to undesirable chattering phenomena. Therefore, these simulations were implemented with sign͕·͖ replaced by the approximation
for ⑀ 0 = 0.1. Choice of ⑀ 0 and the effect of this approximation depend on the size of disturbances in particular systems. The controller in Sec. 4 guarantees performance even for large uncertainties in the motor friction parameters as well as the motor torque parameters and for very low D min . The observer-based controller, as one might expect, requires less uncertainty and/or more damping in order to guarantee performance for this system. Bode plots in ͓6͔ show that when velocity increases from zero to V d = 5 m / s, the system's natural frequency decreases by a factor of two, presumably due to air entrainment. This implies a decrease in spring and damping parameters by a factor of about four. ͑The simulations here do not fully demonstrate this effect because the time scale is too short for damping to attain its steady-state value.͒ Hence, the simulations here use the parameters
Here, air entrainment may reduce D͑t͒ from its nominal value of 2 Ns / m by a factor of 5.
Assume the true motor torque constants are known and equal to K t and suppose that specifications guarantee that the true motor friction constants ␤ i are within ±5% of the nominal value ␤ . For the simulations below, ␤ 1 = 0.95␤ and ␤ 2 = 1.05␤ . Finally, assume r D = 0.1.
Design of the velocity loop controller proceeds using the "nonlinear controller" as in ͑19͒. The nonlinear gain is used with C 1 =25 m/s 2 , which guarantees a settling time of Ͻ200 ms to a linear region defined by C 2 = 0.5 m / s. In the velocity loop the sign͕·͖ function is replaced by the approximation ͑81͒ with ⑀ 0 = 0.1.
For the tension loop, the control ͑70͒ is applied, but with sign͕·͖ replaced by ͑81͒ with ⑀ 0 = 0.005. For T d = 0.28 N, the system parameters above yield R T = 0.26 N. The maneuvers below are typical in that e W ͑0͒ =0Ͻ R W ; thus, by Result 8 the tape tension will remain between 0.02 N and 0.54 N at all times. Although this performance level is guaranteed, actual performance for a given maneuver is likely to exceed this minimum level, especially as the system approaches steady state. Of course, the observed tension is not expected to converge perfectly to true tension due to errors in the motor parameter and damping estimates. Figure 7 illustrates a ramp-up maneuver. Here, T͑0͒ = 0.45 N and T ͑0͒ = 0.1 N, giving a large initial tension error and observer error. The trajectories of D͑t͒ and D ͑t͒ were arbitrarily generated, but move in directions consistent with the velocity trajectories. The velocity settling time is Ͻ200 ms, as designed, and peak input currents are Ͻ5 A. Behavior of the observed tension is somewhat counterintuitive as it appears to approach T d initially rather than the true tension. In actuality, once the observed tension reaches T d the control ͑70͒ switches and keeps the observed tension from increasing further-and in so doing drives the true tension closer to T d . Note that in Fig. 7 the tension does not approach T d . This is due to the uncertainty in the motor friction parameters ␤ i as evidenced by Fig. 8 , which shows exactly the same maneuver except with ␤ i known exactly. Here the tension does appear to approach T d , with some disturbances because D ͑t͒ D͑t͒. Figure 9 shows a ramp-down maneuver where the system starts at 5 m / s, with a large amount of air entrained and thus low damping. Here, T͑0͒ = 0.2 N and T ͑0͒ = 0.5 N. Because the observed and true tension errors initially have opposite signs, the magnitude of the true tension error increases at first. ͑This does not happen in Figs. 7 and 8 because the damping is higher.͒ However, when observed tension error achieves the proper sign, true tension error quickly decreases. Note that peak input currents are Ͻ2 A.
While not discernible on the scale and size of the plots in figures, small "bumps" occur in the inputs at approximately 10-30 ms in Figs. 7-9, as T ͑t͒ − T d , and thus u b2 ͑t͒͒ changes sign. Note also the dramatic change in input slope when velocity error enters the controller's linear range at approximately 150-160 ms. Peak currents might be reduced by decreasing C 1 . These simulations were implemented with sign͕·͖ replaced by ͑81͒.
Conclusions and Future Work
This paper first presents a nonlinear controller for web-winding systems with guaranteed performance. The scheme is robust to air entrainment and uncertainties in the motor torque and friction parameters. Proper choice of feedback gains ensures that velocity error goes exponentially to zero with arbitrary time constant and tension error remains in a desired range. Tension error is exponentially stable when air entrainment is constant. A nonlinear velocity-loop control provides improved transient response and reduces peak motor currents in simulation. The control law can be calculated for any motor parameter tolerance of Ͻ100%, though peak motor currents may increase with motor parameter tolerance.
An observer-based robust nonlinear feedback controller that does not require tension measurements has also been presented. Velocity loop control is quite similar to that when tension measurements are used and is robust to air entrainment and motor friction parameter uncertainties. For the tension loop, a unique first-order tension observer is used. A bound on the maximum observer error is derived in the general case, in the presence of air entrainment, time varying reel radii and moments, and motor parameter uncertainties. This bound is used to derive a tension loop controller that can be analytically proven to keep tension in a certain range and is robust to errors in the damping trajectory estimate and motor friction parameter uncertainties. A step-bystep design procedure has been provided, and simulations show the performance of the observer and controller.
In practice, this control scheme would almost certainly be implemented in discrete time as a digital controller. Thorough analysis of the stability and performance properties of such an implementation is an area of future research. The simulations in this paper were performed using discrete-time controllers with a 10 KHz sampling rate; performance appeared good for the range of maneuvers considered. Some investigation has shown that, for the sample system considered, instabilities may arise when a sampling rate of Ͻ2 KHz is chosen. This is perhaps not surprising as 2 KHz is roughly 20 times the maximum frequency of interest for this system, which is ϳ100 Hz as identified in ͓6͔.
Although this controller provides guaranteed transient and steady-state system behavior in the presence of air entrainment, several problems might be addressed in the future. The performance of this controller with the sign͕·͖ function replaced by the continuous approximation ͑81͒ likely respects bounds very close to those derived in this paper, but this has not yet been proven. Controllers that feed back the observed tension linearly might also be investigated. Furthermore, there exist disturbances and errors other than air entrainment and motor parameter uncertainties that might be addressed in the future. Some such sources of disturbance and error are reel eccentricity, stiction, transverse web vibration, wound-in tension in the supply reel, and longitudinal wave-type vibrations in the traveling web.
Note that no dynamical air entrainment model was used. Such a model might facilitate the development of a higher-order observer to simultaneously observe tension and air entrainment, with associated performance gains. The Appendix includes a method for calculating D͑t͒ from the other state trajectories that may be used not only to generate damping estimates D ͑t͒, but in the future to investigate air entrainment experimentally and develop a dynamical model for D͑t͒.
